INTRODUCTION
The flight mechanics of small insects is gaining more attention than before due to possible applications in micro-flying-machines. In recent years, much work has been done on the flapping insect wing using experimental and computational methods (e.g. Ellington et al., 1996; Dickinson et al., 1999; Usherwood and Ellington, 2002a; Usherwood and Ellington, 2002b; Sane and Dickinson, 2001; Liu et al., 1998; Sun and Tang, 2002; Wang et al., 2004) , and considerable understanding of the aerodynamic force generation mechanism has been achieved.
However, in most of these studies, rigid model wings were employed. Observations of free-flying insects have shown that wing deformations (time-varying camber and spanwise twist) are present (e.g. Ellington, 1984b; Ennos, 1989) . How does the time-varying wing deformation affect the aerodynamic forces on the flapping wings compared with that of a rigid model wing? Studies of this problem are very limited. In their experiment investigating the leading edge vortex, Ellington et al. modeled wing deformation through low-order camber changes in the model-wing of the hawkmoth (Ellington et al., 1996) , but did not test the corresponding rigid model wing for comparison. Du and Sun conducted a computational study on this problem and showed that the deformation did indeed have some effects on the aerodynamic forces (Du and Sun, 2008) . By removing the camber and the spanwise twist one by one, they also showed that it was the camber that played the major role in affecting the aerodynamic force. However, in their study, the authors assumed that (1) the camber and twist increased from zero to some constant value at the beginning of a half-stroke (downstroke or upstroke) and kept a constant value in the mid portion of the half-stroke and (2) in the later part of the half-stroke, the camber and twist started to decrease and became zero at the end of the half-stroke. This time variation of wing deformation was based on Ellington's and Ennos' qualitative descriptions of wing motion in hovering insects filmed using one high-speed camera (Ellington, 1984b; Ennos, 1989) . Recently, using four high-speed digital video cameras, Walker et al. obtained quantitative data on the time-varying camber and spanwise twist of wings in free-flying droneflies .
These data showed that camber and twist were approximately constant in the mid half-stroke, similar to that described by Ellington and Ennos (Ellington, 1984b; Ennos, 1989) ; but, around the stroke reversal, unlike that described by Ellington and Ennos, the camber and twist were much larger than that in the mid half-stroke. Fig. 1 gives the diagrams of wing motion showing the instantaneous wing profiles at two distances along the wing length in one half-stroke (upstroke) used by Du and Sun (Fig. 1A) , compared with that measured by Walker et al. (Du and Sun, 2008; Walker et al., 2009) (Fig. 1B) . It can be seen that the wing deformations in Du and Sun's study are rather different from the measured one. Furthermore, in the Du and Sun paper, the camber value was arbitrarily assumed.using the data of realistic wing deformation, by numerically solving the Navier-Stokes equations on a dynamically deforming grid. The results are compared with those of a rigid flat-plate wing, the angle of attack of which was equal to the local angle of attack at the radius of the second moment of wing area of the deformable wing. The comparison shows the effects of the wing deformation on the aerodynamic forces and moments and also tells us how well a rigid flat-plate wing could model the deformable wing.
MATERIALS AND METHODS

Governing equations and the solution method
The governing equations employed in this study are the unsteady three-dimensional incompressible Navier-Stokes equations:
where u is the fluid velocity, p is the pressure,  is the density, v is the kinematic viscosity,  is the gradient operator and  2 is the Laplacian operator.
Eqns 1 and 2 are solved numerically, and a dynamically deforming grid is used to treat the time-variant deformation of the wing. The solution method and the method to generate the dynamically deforming grid have been described in detail by Du and Sun (Du and Sun, 2008) , and so only an outline of the methods is given here. Eqns 1 and 2 are solved using an algorithm based on
the method of artificial compressibility (Rogers and Kwak, 1990; Rogers et al., 1991) , which has the advantage of solving the incompressible fluid flows using the well-developed methods for compressible fluid flows. A procedure of combining the method of the modified trans-finite interpolation (Morton et al., 1998) method of solving Poisson equation is used to generate the dynamically deforming grid. For far-field boundary conditions, at the inflow boundary, the velocity components are specified as freestream conditions while the pressure is extrapolated from the interior; at the outflow boundary, the pressure is set to be equal to the free-stream static pressure and the velocity is extrapolated from the interior. On the airfoil surfaces, impermeable wall and no-slip boundary conditions were applied, and the pressure on the boundary is obtained from the normal component of the momentum equation.
The wing, wing motion and wing deformation
The planform of the wing used in the present study is approximately the same as that of a hoverfly wing, with small parts of the wing tip and wing base cut off (Fig. 2A) . Without the cut-off, the wing tip (and wing base) would be much narrower than the middle portion of the wing, and the computational grid near the tip and the base would have large distortion, which would make the computation less accurate. When the wing has large deformation, the distortion could be even more severe. Therefore, small parts of the wing base and wing tip are cut off (the length of the cut-off wing tip is only 3.3% of the wing length). The location of the wing root (i.e. the point about which the wing rotates) and the location of the axis of pitching rotation (the line joining the wing tip and the wing root) are determined before the cut-off. They, and hence the wing motion, will not be affected by the cut-off. The wing shape is changed a little by the cut-off, but since the same modified wing is used for both the case with deformation and the case without deformation, it is expected that this modification would not affect our study of the effect of deformation. The wing section is a flat plate of 3% thickness with rounded leading and trailing edges. The wing motion and wing deformation are prescribed on the basis of the measured data by Walker et al. . As discussed in Walker et al.'s paper, the wing motion and deformation could be determined in terms of the wing-tip kinematics, the local angle of attack of each wing section (), and the camber of each wing section. Walker et al. measured the relevant quantities for five free-flying hoverflies. How each of these quantities is modeled is discussed in the following.
First, we consider the wing-tip kinematics, which is determined by the stroke angle () and the deviation angle () (Fig. 2A) . . In the present study, we use the first six terms of the Fourier series to fit the data and obtain the time courses of  and .
Next, we consider the local angle of attack of each wing section. Walker et al. . We fit the data using the first six terms of the Fourier series to obtain the time courses of  at 50% wing length and the twist angle. Since the wing has linear spanwise twist, the time course of  for each wing section can be obtained.
Finally, we consider the wing camber. Walker et al. gave data on the time course of wing camber at 50% wing length [see fig. 9C,F in Walker et al. ]. They also gave data on the spanwise distribution of camber at mid down-and upstrokes. We assume that the spanwise distribution of camber at the mid half-stroke could represent that at other times of the half-stroke. With this assumption and with the time course of camber at 50% wing length (obtained by fitting the data using the first six terms of the Fourier series), the time course of camber of each wing section is obtained.
As an example, Fig. 3 gives the diagram of wing motion for hoverfly H3, showing its instantaneous wing profile at two distances along the wing in one wingbeat cycle.
RESULTS AND DISCUSSION
The flow solver has been tested by Du and Sun using two sets of computations (Du and Sun, 2008 ). First, they tested the flexible grid method. Flows of a rigid model wing in flapping motion were computed in two ways: rigid grid motion, in which the whole grid system moved with the wing, and flexible grid motion, in which the far boundary of the grid was fixed and the inner grid was deformed as the wing moved. Results of these two calculations were almost identical, as they should be. Second, they tested the solver against Usherwood and Ellington's experimental data of a model bumblebee wing in revolving motion (Usherwood and Ellington, 2002a) . Results of the solutions agreed with the experimental data. These cross-validations gave overall confidence in the solver and the dynamically deforming grid. Du and Sun also made grid resolution tests for the wing for cases with Reynolds number (Re) ranging from 200 to 4000 and showed that grid dimensions of 109ϫ90ϫ120 and an outer boundary at 30 wing chord length from the wing were proper to resolve the flow (Du and Sun, 2008) [Re is defined as: ReUc/v, where v is the kinematic viscosity, c is the mean chord length of the wing and U is the reference speed, defined as U2nr 2 , where  is the stroke amplitude ( max - min ), n is the wingbeat frequency and r 2 is the radius of the second moment of wing area]. In the present study, Re is approximately 800, and the above grid dimension should be proper to resolve the flow, and so these grid dimensions are used. Three of the five hoverflies considered by Walker et al. ) are chosen for the present analysis (they are hoverflies H3, H4 and H5 from Walker et al.'s study). , n, R (wing length) and m (mass of the insect) of hoverflies H3, H4 and H5 are listed in Table 1 (taken from Walker et al., 2009 ). Ellington measured R, r 2 and c of hoverflies in his study and gave: r 2 /RϷ0.56, c/RϷ0.28 (Ellington, 1984a) . We assume that the ratios, r 2 /R and c/R, are approximately the same for different individuals, and r 2 /RϷ0.56 and c/RϷ0.28 are used for the three insects considered here. Thus, r 2 and c or S (wing area) become known for the insects, and they are also listed in Table 1.
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C L , C D and C P,a denote the coefficients of lift, drag and aerodynamic power required of the wing, respectively; the lift and drag are non-dimensionalized by 0.5U 2 S, and the aerodynamic power required is non-dimensionalized by 0.5U 3 Sc.
The effects of wing deformation on the aerodynamic forces
For a clear description of the results, we express the time during a cycle as a non-dimensional parameter, t, such that t0 at the start of a downstroke and t1 at the end of the subsequent upstroke. Fig. 4 gives the time courses of C L , C D and C P,a of the deformable wing in one cycle; results for the rigid flat-plate wing are included for comparison (note that the rigid flat-plate wing has the same angle of attack as that of the wing section at r 2 of the deformable wing). It is seen that the time courses of C L , C D and C P,a of the deformable wing are very similar to their counterparts of the rigid flat-plate wing, although C L and C D of the deformable wing are a little larger, and C P,a is a little smaller, than those of the rigid flat-plate wing. The mean lift (C L ), drag (C D ) and aerodynamic power (C P,a ) coefficients for dronefly H3 are given in Table 2. It is seen that C L and C D of the rigid flat-plate wing are about 10% and 4% smaller, and C P,a is about 5% larger, than those of the deformable wing, respectively.
To isolate the effects of wing camber and wing twist, we make two more calculations for hoverfly H3: (1) the wing camber is made zero and only the spanwise twist exists and (2) the spanwise twist is made zero and only the camber deformation exists. The results, compared with those of the rigid flat-plate wing, are shown in m, mass of the insect; , stoke amplitude; n, wingbeat frequency; R, wing length; S, area of one wing; c, mean chord length; r 2 , radius of second moment of wing area. *Data taken from Walker et al. . Data for S, c and r 2 computed using the value of R (see text).
The corresponding C L , C D and C P,a are also given in Table 2. It is seen that the aerodynamic forces of the wing with spanwise twist only are very close to those of the rigid flat-plate, but the aerodynamic forces of the wing with camber only are a little different from those of the rigid flat-plate. This shows that the wing camber plays a major role in causing the differences in the aerodynamic forces between the deformable wing and the rigid flat-plate wing. The result that camber deformation increases the aerodynamic forces is expected because camber can increase the asymmetry of the flows on the upper and lower surfaces of the wing. The result that the spanwise twist has very small effect on the aerodynamic forces is explained as follows. For the wing with spanwise twist,  at r>r 2 is smaller than that of the flat-plate wing (r denotes the radial position along the wing length) and  at r<r 2 is larger than that of the flat-plate wing. Since the aerodynamic force is approximately proportional to , its aerodynamic force at r>r 2 would be larger than that of the flat-plate wing and its aerodynamic force at r<r 2 would be smaller than that of the flat-plate wing. Thus, it is expected that the aerodynamic force of the wing with spanwise twist is not very different from that of the flat-plate wing. These can be seen by comparing spanwise lift and drag distribution plots for midstroke when dynamic pressure and force are maximal. (Fig. 10A) , the aerodynamic forces are a little larger than those of the rigid flat-plate wing along the whole wing span, but for the wing with twist only (Fig. 10B) , in the outer part of the wing, the aerodynamic forces are larger than those of the rigid flat-plate wing, and in the inner part of the wing the opposite is true. The same comparisons are made for hoverflies H4 and H5 in Fig. 11 and Fig. 12 , respectively, and similar results are observed.
As seen in Table 2, C D of the deformable wing is approximately 4% larger than that of the rigid flat-plate wing. One might expect that its aerodynamic power would be a little larger than that of the rigid flat-plate wing. However, results in Table 2 show that C P,a of G. Du and M. Sun the deformable wing is a little smaller than that of the flat-plate wing. This is due to the effect of spanwise twist in the deformable wing. As observed above (Fig. 10B, Fig. 11B and Fig. 12B) , the spanwise twist can make the drag larger in the inner part of the wing and smaller in the outer part of the wing compared with the rigid flat-plate wing. This can reduce its torque of the drag force and hence the aerodynamic power. Fig. 13A-C compares the spanwise drag distribution plot of the deformable wing at middownstroke with those of the rigid flat-plate wing for hoverflies H3, H4 and H5, respectively. It is clearly seen that the drag of the deformable wing in the inner part of the wing is larger, and in the outer part of the wing is smaller, than that of the rigid flat-plate wing.
The flow fields
Here, we use the flow information to gain further insights on the effects of wing deformation. Fig. 14 shows the sectional vorticity contour plots at 60% wing length at various times in one cycle for the deformable wing of hoverfly H3 and the corresponding rigid flat-plate wing, wing with spanwise twist only, and wing with camber only. We first compare the vorticity plots of the deformable wing (Fig. 14A) with those of the rigid flat-plate wing (Fig. 14B) . Flow patterns of the two wings are qualitatively the same: both are dominated by the leading edge vortex (LEV). But there exist some differences between the LEVs of the two wings: the LEV of the deformable wing is a little more concentrated and a little closer to the wing surface than that of the rigid flat-plate wing. Vortex theory for aerodynamic force (Wu, 1981) shows that the aerodynamic force on the wing is proportional to the time rate of change of the total first moment of vorticity. For the flapping wing, the vorticity moment produced by a downstroke or upstroke is mainly determined by the vorticity in the LEV and the vorticity (of opposite sign to that of the LEV) in the trailing edge vortex. As the wing is translating, the vorticity shed from the trailing edge stays approximately at the place where it is shed, and the vorticity in the LEV moves almost at the same speed as that of the wing . This would produce a time rate of change of the vortex moment or aerodynamic force. When the LEV is more concentrated and closer to the wing, the time rate of change of the vorticity moment could be larger, i.e. the aerodynamic force on the wing could be larger.
Next, we compare the vorticity plots of the wing with spanwise twist only (Fig. 14C) with those of the rigid flat-plate wing (Fig. 14B) . It is seen that the LEV of the wing with spanwise twist only is very close to that of the rigid flat-plate wing. This explains qualitatively why the aerodynamic force of the wing with spanwise twist only is very close to that of the rigid flat-plate wing.
Finally, we compare the vorticity plots of the wing with camber only (Fig. 14D) with that of the deformable wing (Fig. 14A) . The LEV of the wing with camber only is very close to that of the deformable wing, qualitatively explaining why the lift of the deformable wing is very close to that of the wing with camber only.
The same comparisons of vorticity plots are made for hoverflies H4 and H5 (Fig. 15 and Fig. 16, respectively) and in general the results are similar to that of hoverfly H3.
It is interesting to note that for some hoverflies, at a certain phase of the wingbeat cycle, the LEV has a double vortex structure (e.g. for hoverfly H3 at t0.3, Fig. 14A; for hoverfly H4 at t0.3-0.5, Fig. 15A) . This phenomenon has been observed by Lu et al. in their flow visualization experiments on a flapping model dragonfly wing (Lu et al., 2006) .
The effects of wing deformation on hovering efficiency
Although the mean aerodynamic power coefficient (C P,a ) of the rigid flat-plate wing is only a little (about 5%) larger than that of the deformable wing (Table 2), its mean lift coefficient (C L ) is around 10% smaller than that of the deformable wing. This means that there could be a relatively large difference in aerodynamic power required for producing unit lift, which is a more relevant index for hovering performance, between the deformable wing and the rigid flat-plate and wing.
This power index is computed and shown in Table 3. It is seen that aerodynamic power required for producing unit lift of the rigid flat-plate wing is about 17% higher than that of the deformable wing (for the wing with spanwise twist only and the wing with camber only, the number is 10% and 6%, respectively). These results show that the real deformable wing has the best hovering performance; when the camber is retained but the spanwise twist taken out, the performance becomes a little worse (power requirement becomes 6% higher); when the spanwise twist is retained but the camber taken out, the performance becomes worse to a larger extent (power requirement 10% higher); when the camber and spanwise twist are both taken out, i.e. for the rigid flat-plate wing, the performance is worst (power requirement 17% higher).
Recently, Young et al. did a similar computational study for locusts in forward flight (Young et al., 2009) . Their results show that the power required per unit lift for the rigid flat-plate wing (1.96 W N -1 ) and that for the wing with spanwise twist only (1.28 W N -1 ) are 41% and 12% higher than that of the deformable wing (1.14 W N -1 ), respectively. These numbers clearly show that, in forward flight, the spanwise twist may play a much more G. Du and M. Sun important rote in improving the flight performance than in hovering.
Comparison of the computed lift with insect weight
Walker et al. measured the mass of the hoverflies in their study ). The non-dimensional weight, defined as mg/0.5U 2 (2S), can be determined for droneflies in the present study. The non-dimensional weights are 1.94, 1.21 and 1.46 for droneflies H3, H4 and H5, respectively.
As seen in Table 2, the mean lift coefficients computed using the flow solver are 1.81, 1.38 and 1.78, respectively. The computed mean lift is about 10% smaller or larger than the insect weight, showing that the computational model is reasonably accurate.
Some discussions on modeling the wing as a rigid flat-plate
In experimental and computational modeling of insect flapping wings, if the effects of wing deformation are to be included, the elastic property of the wing must be incorporated into the wing model. It is difficult to measure the elastic property of the wing of an insect in free-flight conditions (the elastic property of a wing cut off from the insect could be different from that of the live one operating during flight). Therefore, it is of great interest to know how well a rigid flat-plate wing can model the real wing.
The above results show that the time courses of the force and aerodynamic power coefficients (C L , C D and C P,a ) of the deformable wing are very similar to those of the rigid flat-plate wing (the angle of attack of the flat-plate wing being equal to the local angle of attack at r 2 of the deformable wing), and the effect of wing deformation is to increase the lift by about 10% and the drag by about 4% and decrease the aerodynamic power by about 5% of the rigid flat-plate wing (the effect of increasing the aerodynamic force is mainly due to the camber deformation, and the effect of decreasing the aerodynamic power is mainly due to twist deformation). The above results also show that, for both the deformable wing and the rigid flat-plate wings, the main mechanism of force generation is the delayed stall mechanism, i.e. the LEV attaching to the wing. Thus, as a first approximation, the deformable wing can be modeled by a rigid flat-plate wing with its angle of attack being equal to the local angle of attack at r 2 of the deformable wing.
We can now examine why the effect of the camber deformation on the aerodynamic forces is not very large. As measured by Walker et al., the angle of attack of the flapping wing of the insects is very high (approximately 50 deg) . When a thin wing moves at a small angle of attack, the flow is mainly attached and, like that of an airplane, wing camber would have significant effect on the aerodynamic force. But in the case of a large angle of attack, the flow is separated and the effect of camber is expected to be relatively small because, for separated flow, the flow is much less sensitive to wing shape variation. To show this, we conducted some more simulations. In the simulations, the wing of hoverfly H4, with spanwise twist taken out, conducts constant-speed revolving motion for about three rotations at angles of 50 deg and 10 deg, respectively. For comparison, the flows of the corresponding flat-plate wing are also simulated. The results are shown in Fig. 17. In the case of 10 deg, the camber changes the mean lift and drag coefficients of the flat-plate wing by 42% and 57%, respectively. But in the case of 50 deg, these numbers are only 5.4% and 9.7%. This clearly shows that at a large angle of attack, the camber effect is relatively small.
Results of changing angle of attack to relevant lower and higher values
For a flapping model insect wing in the hovering condition, the non-dimensional force coefficients are mainly dependent on the angle of attack [their dependence on other non-dimensional parameters, such as Re, , etc. is relatively weak (e.g. Usherwood and Ellington, 2002a; Usherwood and Ellington, 2002b; Wu and Sun, 2004) ]. In the above calculations, for each hoverfly, only one angle of attack, i.e. the measured one, has been considered. It is of great interest to consider relevant higher and lower angles of attack to see if the above results are still valid. We make three additional sets of computations for hoverfly H3. Let the computations for H3 in the previous sections be known as set 1, in which the angle of attack at r 2 is the measured one. In the first additional set of computations, called set 2, the mid-downstroke and mid-upstroke angles of attack at r 2 are decreased by about 10% from that of the measured . In the second and third additional sets of computations, called set 3 and set 4, respectively, the middownstroke and mid-upstroke angles of attack at r 2 are increased by about 10% and 20% from that of the measured , respectively. The time courses of angle of attack at r 2 in one cycle for these four sets are given in Fig. 18 . The computed mean force and power coefficients are given in Table 4, and the computed power required for producing unit lift is given in Table 5.
Several observations may be made concerning the data given in Tables 4 and 5 . First, it is seen that the major results obtained above for the case of measured angle of attack are also obtained for the cases of higher and lower angles of attack. These results include: C L and C D of the rigid flat-plate wing are about 10% and 4% smaller, and C P,a about 4% larger, than their counterparts of the deformable wing; the aerodynamic power required for producing unit lift for the rigid flat-plate wing is about 15% higher than that of the deformable wing (for the wing with spanwise twist only and the wing with camber only, this number is about 10% and 6%, respectively). These results further strengthen the present analysis and remove any ambiguity regarding angle of attack changes that might be induced by removing camber and/or twist.
Second, it is seen (Table 5) that when the angle of attack is increased, the power requirement per unit lift becomes higher. Using an angle of attack smaller ( in set 2) than that used by the hovering hoverfly ( in set 1, the measured one), the power required per unit lift can be reduced. It seems that the hovering hoverfly is not using the most energy-saving angle of attack to hover. But it should be noted that, if the angle of attack is decreased to that in set 2, the C L would become 1.61, which is much smaller than that required to balance the weight (1.94). Fig. 18 . Time courses of angle of attack () at r 2 in one cycle for the four sets of computations for hoverfly H3. r 2 , radius of the second moment of wing area; t, non-dimensional time.
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